Abstract. Let S → A 1 be a smooth family of surfaces whose general fibre is a smooth surface of P 3 and whose special fibre has two smooth components, intersecting transversally along a smooth curve R. We consider the Universal Severi-Enriques variety V on S → A 1 . The general fibre of V is the variety of curves on St in the linear system |O St (n)| with k cusps and δ nodes as singularities. Our problem is to find all irreducible components of the special fibre of V. In this paper, we consider only the cases (k, δ) = (0, 1) and (k, δ) = (1, 0). In particular, we determine all singular curves on the special fibre of S which, counted with the right multiplicity, are a limit of 1-cuspidal curves on the general fibre of S.
Introduction
In this section we introduce our problem and we fix notation. Let F be the pencil of surfaces of the complex projective space P 3 (C) := P 3 , generated by a general surface S . From now on, we shall indicate by E 1 , . . . , E d(d−1) the exceptional curves of B. Now, by denoting by H the pull-back to S of the hyperplane divisor of P 3 , by H t the restriction of H to the fibre S t of S and by p a (d, n) the arithmetic genus of a divisor in |O St (nH t )|, we consider the locally closed set, in the Zariski topology, W S nH,k,δ ⊂ |O S (nH)| × (A 1 \ {0}) defined by V St nHt,k,δ of irreducible curves on S t in the linear system |nH t |, with δ nodes and k cusps as singularities, we call V S nH,k,δ the Universal Severi-Enriques Variety on S of irreducible curves in the linear system |nH|, with δ nodes and k cusps. The problem we are interested is the following. This problem has been already studied by Ran in [4] , [5] and [6] in the case k = 0 and S equal to a family whose general fibre S t is a plane and whose special fibre is S 0 = A ∪ B, where A ≃ P 2 and B ≃ F 1 . Our paper is strongly inspired to Ran's works but our approach is very different. The techniques we use to find all possible irreducible components of the special fibre of the Universal Enriques-Severi variety have been introduced by Ciliberto e Miranda in [1] and the aim of this paper is also to show how the notion of limit linear system can be useful for studying the problem 1.1. Unfortunately, if these kinds of methods are very helpful in order to determine all irreducible components of V 0 ⊂ V S nH,k,δ , they are not enough to find their respective multiplicity. Here we consider only the cases (k, δ) = (0, 1) and (k, δ) = (1, 0). In both these cases, by only using Ciliberto and Miranda techniques, we are able to describe all irreducible components of V 0 and to compute their respective "geometric multiplicity", which we are going to define. for every d ≥ 2. Actually, the well known formulas of the number of one-nodal curves in a pencil and one-cuspidal curves in a net can be used to prove that in these cases geometric multiplicity and multiplicity coincide. To compute explicitly the tangent space of the Universal Severi-Enriques Variety at the general point of every its irreducible component is not trivial, even in the cases (k, δ) = (0, 1) and (k, δ) = (1, 0) and it requires very different methods from those we use in this paper. For this reason, we prefer to approach this problem in a future and more general paper. We just want to say that geometric multiplicity and multiplicity may be different even for families of curves with a very few singularities. For example, the special fibre V 0 of V nH,0,2 , has an component (parametrizing curves having two "simple tacnodes " and nodes at the intersection points with the singular locus R of S 0 ) having, by our computations, geometric multiplicity 2 but multiplicity 4, according to Ran's results.
Section 2 is devoted to the case (k, δ) = (0, 1) whereas section 3 is devoted to the case (k, δ) = (1, 0). We want to stress that, even if our proof is different, the results of section 2 are already known and can be deduced, with some further observations, by theorems 2.1 and 2.2 of [3] . On the contrary, as far as we know, the analysis we do of the special fibre V 0 of V irreducible and also to families of curves with singularities different from nodes or cusps. We conclude this section by introducing some terminology.
1.1. Terminology. Let X → A 1 be any family of surfaces obtained from S → A 1 by a finite number of base changes and blowing-ups and let f : X → P 3 be the natural morphism from X to P 3 . By abusing notation, we will denote always by H the pull-back to X of the hyperplane divisor class of P 3 . Similarly, if Y → A 1 is a family of surfaces obtained from X → A 1 by a finite number of base changes and blow-ups and L ⊂ X 0 is a curve lying in an irreducible component of the special fibre of X , then we will usually denote by the same symbol L the proper transform of L ⊂ X in Y. Moreover, if S ⊂ P 3 is a surface of degree n and C t = f * S ∩X t is the curve cut out on the fibre X t of X by the pull-back of S via f , from now on we will say that C t is cut out on X t by S. Furthermore, if W ⊂ |O A (n)| and V ⊂ |O B (n)| are two projective subvarieties and W ⊂ H 0 (A, O A (n)) and V ⊂ H 0 (B, O B (n)) are the affine cones associated to W and V respectively, then, by abusing notation, we shall denote by V × |OR(n)| W the projective variety
Finally, we will indicate by F n the Hirzebruch surface F n = P(O P 1 ⊕ O P 1 (n)).
The case of one-nodal curves
In this section we consider the case k = 0 and δ = 1, determining all irreducible components of V 0 with the respective geometric multiplicity (see definition 1.2). Notice that, in this case, the Severi variety V t = V S t nHt,0,1 on the general fibre is irreducible, it has the expected dimension, it is smooth at every point corresponding to a one-nodal curve and, finally, it coincides with the locus of |nH t | parametrizing singular curves. Moreover, before we describe the special fibre V 0 of V S nH,0,1 , notice that the restriction of the linear system |nH| to the special fibre
and, by Bertini Theorem, the general element of |O A∪B (n)| is a curve smooth outside R and with nodes at its intersection points with R. By using notation introduced in the previous section, we also denote by W A (d, n) and W B (d, n) the divisors of |O A∪B (n)| defined as
where D A is an irreducible one-nodal curve intersecting transversally R and D B is a smooth curve on B, not intersecting E i , for every i, and intersecting transversally R at the points A ∩ R. Similarly, for d, n ≥ 2 the general element of W B (d, n) corresponds to a curve D = D A ∪ D B such that D A ⊂ A is smooth, intersecting transversally R, and D B is a one-nodal curve (which is irreducible for (d, n) = (d, 3)), not intersecting E i for every i, and such that
where E 1 , . . . , E d(d−1) are the exceptional divisors of B, and
R at a general point}.
By using the terminology introduced at the end of the previous section, notice that W Ei (d, n) parametrizes curves on A∪B cut out by surfaces of degree n in P 3 passing through p i , for every i = 1, . . . , d(d − 1), whereas T (d, n) parametrizes curves on A ∪ B cut out by surfaces of degree n of P 3 tangent to R at its general points. In
smooth, tangent to R at only one point and they will be transverse to R outside this point, except for the case (d, n) = (2, 1), when 2) . Moreover, if V is an irreducible component of V 0 of geometric multiplicity 1 and whose general element corresponds to a curve D = D A ∪ D B which does not contain any
Proof. Assume that (d, n) = (2, 1), let γ be a section of S → A 1 passing through a general point p of A and let S ∼ nH be a general divisor singular along γ. Notice that such a divisor exists and, by generality, its general fibre S ∩ S t is a 1-nodal curve. Let X = Bl γ S with exceptional divisor Γ. Then, if S ′ is the proper transform of S on X , we have that S ′ ∼ nH − 2Γ. Now, denoting by X t the fibre over t of X , consider the exact sequence
Since the fibres of the family X → A 1 are linearly equivalent, we have that the dimension of the image of the map
Moreover, since for t general the map r t is surjective, we have
. So, every curve of A ∪ B with a node at the point γ ∩ A is a limit of a one-nodal curve in the linear system |nH| on S t . By the generality of the point γ ∩ A on A we have that W A (d, n) is an irreducible component of V 0 of geometric multiplicity 1. In order to prove the lemma for W B (d, n) repeat the same argument as used for W A (d, n). Now, let V be an irreducible component of V 0 , whose general element [D] corresponds to a curve D = D A ∪ D B which does not contain any E i ⊂ B and such that there exists an analytic neighborhood U of 0 and an analytic section ∆ of the universal Severi variety V S nH,0,1 | U , passing through [D] . Then, the singular locus of the family of curves C → ∆, naturally parametrized by ∆, is a section of S| U → ∆ and it must intersect the special fibre at a smooth point q, i.e. at a point
Remark 2.2. By the previous lemma, the other possible irreducible components of V 0 "are produced" by degenerations of the general element [D t ] of V t such that as D t goes to A ∪ B, the node of D t specializes to a point of the singular locus R of A ∪ B.
Proof. Let p ∈ R = A ∪ B = S 0 be a point such that p / ∈ E i , for every i. We consider a double covering of our family S → A 1 totally ramified at its special fibre
Now, the special fibre S ′ 0 of S ′ → A 1 is isomorphic to the special fibre S 0 of S and we still denote it by A ∪ B. But, if xy = t is the local equation of S at p, the local equation of S ′ at p will be xy = t 2 . In particular, S ′ is singular along the singular locus R = A ∩ B of the special fibre. If we blow-up the ambient space along R, the proper transform X of S ′ is smooth, the general fibre of X is isomorphic to the general fibre of S ′ while the special fibre of X is X 0 = A ∪ E ∪ B, where E ⋍ F d−1 is the intersection of X with the exceptional divisor. The inverse image of p to X is a fibre of E which we denote by F . Now, if U is an analytic neighborhood of 0 ∈ A 1 small enough, let γ be a section of the family X | U and let C ⊂ X | U be a general divisor with nodal singularities along γ and linearly equivalent to nH, where we still denote by H the pull-back to X of the hyperplane divisor. Notice that such a divisor C exists for every n ≥ 1 and d ≥ 2, because, for every n ≥ 1 and d ≥ 2, on the general fibre X t of X , there exist curves, linearly equivalent to nH| Xt = nH t with only a node at a general point q t and no further singularities. We want to understand the kind of singularities of the special fibre C 0 of C. To this aim, let π : Y → X | U be the blowing-up of X | U along γ, with exceptional divisor Γ. The special fibre of Y is now given by A ∪ E ′ ∪ B, where E ′ is the blowing-up of E at
′ of the linearly equivalence class of the fibre of E, we have that the divisor (nH
′ is effective we deduce that E ′ ⊂ C ′ and, in particular,
So the point [C] ∈ |O A∪B (n)|, corresponding to the curve C A ∪ C B , where C A = C| A and C B = C| B , belongs to the variety T (2, 1) and cannot be general in any irreducible component of
In particular, F is contained in the divisor (nH − 2Γ)| E ′ with multiplicity at least 2 and C ′ · F = −2. We want to compute the multiplicity α of 
and, in particular, Θ ≃ F 1 and F = E ′ ∩Θ is the exceptional divisor of Θ. Moreover, denoting by C ′′ the pullback to Z of C ′ and by F Θ the linear equivalence class of the fibre of Θ , we have that
Since C ′′ | Θ must be an effective divisor, we have that 2α − 2 ≥ 0, i.e. α ≥ 1. Now, for every α ≥ 1, we have that the image into X | U of a divisor in Z, linearly equivalent to nH − 2Γ ′ − αΘ, is a divisor linearly equivalent to nH and with double singularities along γ. Since we have taken a general divisor C in X | U , with these properties, we may assume that α is the minimum integer in order that C ′′ | Θ is effective, i.e. α = mult F (C ′ ) = 1 and
′ with multiplicity one at the points F ∩ A. Thus, recontracting Θ and going back to C ′ ⊂ Y, we have that C ′ | A must pass through the point F ∩ R 1 and it must be smooth and tangent to R 1 at this point. At the same way, C ′ | B passes through F ∩ R 2 with multiplicity 1 and it is tangent to R 2 at this point. Now, let D be the image of C into S| ν2(U) . If t is a general point of A 1 and {t 1 , t 2 } = ν −1 2 (t), then the fibre of D over t is D t = C t1 ∪ C t2 and, in particular, it is the union of two one-nodal curves in the linear system |nH t |. Now we want to prove that the point x is general in T (d, n). To this aim let Z 1 be the blowing-up of Z along F = Θ ∩ E ′ . Now the special fibre of 
where Γ ′′ is the proper transform of Γ ′ . Now, by denoting by D the divisor D = Θ + 2Θ 1 + 2Γ ′′ , we consider the exact sequence
where Z 1 t is any fibre of Z 1 . By arguing as in the previous lemma, we see that the image of the map r 0 :
Hence, if we denote by T (n) p ⊂ |O P 3 (nH)| the locus of surfaces of P 3 , passing through p and tangent to
by surfaces parametrized by a divisor in T (n) p . We denote this divisor by D q where q = γ ∩ F . How to characterize D q ? In order to answer this question we contract Θ 1 , Θ and finally Γ, and we come back to the family of surfaces X | U → U . Now, the fibre F of E can be identified with a double cover of the fibre over p of the projectivized normal bundle to R in P 3 . In other words, every point r of F corresponds to a plane H r in P 3 containing the line T p R and there are exactly two points of F corresponding to the same plane. From the hypothesis that the singular locus γ of C intersects the fibre F at q, we deduce that the image curve of C 0 in P 3 is cut out on S d−1 ∪ π from a surface of degree n passing through p and tangent at p to the hyperplane H q corresponding to q ∈ F . The locus of surfaces with these properties is the divisor D q ⊂ T (n). By the generality of q in F , we conclude that Remark 2.4. Let p 1 ∈ P 3 be the base point of our pencil F corresponding to the exceptional divisor E 1 ⊂ B. Let γ ⊂ P 3 be a general curve passing through p 1 and, in particular, transversally intersecting
is the total space of F and g : A → A 3 is the natural map, then, locally working at (p 1 , 0), we may suppose that (p 1 , 0) = (0, 0, 0, 0), that A has equation xy − tz = 0 and, finally, that g * γ has equations
Notice that (p 1 , 0) is a rational double point of A and that the pull-back curve g * γ ⊂ A has two irreducible components passing through (p 1 , 0),
transversally intersecting at (0, 0, 0, 0) and where γ 1 = g * (p 1 ) is nothing else but the section of A corresponding to the inverse image of the point p 1 ∈ P 3 (which is a base point of F ). If we denote by π :Ã → A the restriction to the proper transform of A of the blowing-up of A 3 × A 1 at (p 1 , 0), then the special fibre ofÃ is given bỹ A 0 =Ã∪Θ 1 ∪B, whereÃ is the blowing up of A = S d−1 at p 1 ,B is the blowing up of π at p 1 and Θ 1 is the quadric cut out onÃ by the exceptional divisor. By identifying Θ 1 with the "projectivized" tangent cone of A at (0, 0, 0, 0) we see that the curves π * γ 1 and π * γ 2 intersectÃ 0 at two different points q 1 and q 2 , corresponding to the tangent directions of γ 1 and γ 2 at (0, 0, 0, 0) respectively. Moreover the tangent direction to γ 2 at (0, 0, 0, 0) is determined by the tangent direction to γ at p 1 in P 3 . In particular, if we set E 1 = Θ 1 ∩B and E ′ 1 = Θ 1 ∩Ã, then q 1 and q 2 don't lie on E 1 ∪E ′ 1 because γ 1 and γ 2 are not tangent to π or S d−1 at (0, 0, 0, 0). Finally, notice that, the tangent space to A ⊂ P 3 × A 3 × A 1 at every point (0, 0, 0, t), with t = 0, is given by the hyperplane H z of equation z = 0, and the curve γ 1 is contained in H z . Hence, the two lines
at q 1 , are nothing else but the projectivization of the intersection of H z with the tangent cone to A at (0, 0, 0, 0).
Proof. We will prove the lemma for i = 1. We use the notation introduced in Remark 2.4. We blow-up the ambient space at their singular points and we contract all the exceptional components of the proper transform ofÃ, different from Θ 1 , oñ B. We denote byS → A 1 the family of surfaces obtained in this way.S is nothing else but the blowing-up of S along E 1 . We denote by A ′ ∪ Θ 1 ∪ B its special fibre. Now, let S ⊂S be a general divisor, linearly equivalent to nH − αΘ 1 , with nodal singularities along γ 2 . We ask which is the minimum α such that S| Θ1 is effective. Now, S |Θ1 ∼ −αΘ 1|Θ 1 ∼ αE 1 + αE ′ 1 . Thus the minimum α such that S| Θ1 is effective is α = 1. Then take S ∼ nH − Θ 1 . From the fact that S is nodal along γ 2 , we have that S| Θ1 has at least a node at
, where H 2 ∈ |E 1 | and H ′ 2 ∈ |E ′ 1 | are the two lines passing through q 2 . In particular, we find that the curve S ∩ (A ′ ∪ Θ 1 ∪ B) is cut out from a surface of P 3 passing through p 1 and tangent at p 1 to a plane H q2 , determined by the point q 2 . Moreover, if we blow-upS along γ 2 and we denote by Γ 2 the exceptional divisor, by Z the resulting family of surfaces and by Θ ′ 1 the proper transform of Θ 1 , then, by arguing as in the last part of the proof of lemma 2.1, you can prove that the image of the restriction map
, and, in particular, r 0 is surjective. So, the general curve onS 0 = A ∪ B cut out by a surface of P 3 passing through p 1 and tangent at p 1 to a plane H q2 , is a limit of a general one-nodal curve on S t in the linear system |nH|. Finally, by using the generality of the point q 2 in E 1 and by contracting Θ 1 onB we conclude our proof. Theorem 2.6. Let V 0 be the special fibre of V nH,0,1 . Then, the irreducible components of V 0 are
, with geometric multiplicity 1 and T (d, n) with geometric multiplicity 2, if d, n ≥ 2;
Proof. From what we proved before, we have only to show that
, are the only irreducible components of the special fibre V 0 of V nH,0,1 .
Case 2 
of order m and we smooth the total space of the obtained family, we get a family X → A 1 which is a cover of order m of S → A 1 , totally ramified along its special fibre. In particular, the special fibre of X is X 0 = A ∪ E 1 ∪ · · · ∪ E m−1 ∪ B, where every E i is a P 1 -bundle on an irreducible curve R i isomorphic to R, for i = 1, . . . , m,
The image into P 3 of a section γ of X , intersecting the special fibre at a point q ∈ E i , is an analytic curve intersecting A with multiplicity m − i at the point p ∈ R, image of q, and B with multiplicity i at the same point. Now, we have m irreducible divisors D i ⊂ X , i = 1, . . . , m, in the linear system |nH|, mapped to D ⊂ S, via the morphism X → S. For our purposes, it is enough to consider only one of these divisors, say D 1 . All fibres of D 1 are now reduced. The general fibre of D 1 is an irreducible one-nodal curve, corresponding to a general element of V t , while D 1 cuts on X 0 a connected Cartier divisor which restricts to D A on A, to D B on B and a union of fibres, counted with the right multiplicity, on every E i . The singular locus of D 1 is a section of X , which we denote by γ 1 . Now, by the hypothesis that D B does not contain E i , for every i, we have that γ 1 does not intersect X 0 at a point on E i or on the fibre F i,j of E j , whose image into S 0 is the point E i ∩ R, for every i and j. To see this, let S ∼ nH be a divisor whose singular locus γ intersects E i at a smooth point of X 0 and let Y be the blowing-up of X along γ, with exceptional divisor Γ. If S ′ is the proper transform of S on Y,
Similarly, if γ intersects X 0 at a smooth point of F i,j , then, by arguing as before, we see that F i,j ⊂ S. Moreover, by blowing-up along F i,j , if j < m − 1, we find that F i,j+1 ⊂ S and so on, until we get that E i ⊂ S.
Finally, by the hypothesis that D A and D B are smooth and from what we proved above, the curve γ 1 must intersect X 0 at a smooth point, say q 1 , lying on a fibre
is not a base point of the pencil F . Let Y be the blowing-up of X along γ 1 and let us denote by Γ 1 the new exceptional divisor. The proper transform, which we still denote by
, by the hypothesis that D 1 is singular along γ 1 , we have that D 1 ′ ∼ nH − 2Γ 1 and this implies that F i is contained with multiplicity at least 2 in the divisor
and F Ei is the linearly equivalence class of the fibre of E i . By using that D 1 ′ is a Cartier divisor, we find that
intersect R with multiplicity at least 2 at the point p of R corresponding to the fibre F i . Since D A and D B are both smooth curves, it follows that the curve
This proves the statement. 
The case of one-cuspidal curves
In this section we want to determine all irreducible components of the special fibre V 0 of V nH,k=1,δ=0 with the respective geometric multiplicities (see definition 1.2). We will assume d, n ≥ 2, in such a way that on the general surface S t ⊂ P 3 of the pencil F there exist irreducible curves in the linear system |O St (n)| with a cusp at the general point of S t and no further singularities. In particular, under the hypothesis d, n ≥ 2, we have that V St nHt,1,0 is a non-empty, irreducible subvariety of codimension 2 of |O St (n)|. 
nH,1,0 corresponds to a curve as in the statement. To prove that [D] is a limit of the general element of V t , consider in the linear series |O S (n)| the family of divisors singular along a section γ of S passing through a general point p of B and see that it cuts out on A ∪ B a family of curves of codimension 4 in |O A∪B (n)|, so it cuts out on A ∪ B all curves with a cusp at p ∈ B in the linear system |nH|. By the generality of p, the statement is proved.
is its general element, the curve D A ∪ D B does not contain any exceptional divisor E i ⊂ B,the curve D A and D B are irreducible, they intersect transversally R, D B is smooth and D A has only one cusp as singularity. Finally, Proof. Step 1. Let X be the normalization of the double cover of S → A 1 ramified at the special fibre X
as in the proof of lemma 2.3. If U is an analytic neighborhood of 0 ∈ A 1 small enough, let γ be a section of the family X | U intersecting the special fibre X 0 = A ∪ E ∪ B at a point q lying on a general fibre F of E. Now, let Y be the blowing-up of X at q, with new exceptional divisor T ≃ P 2 . The special fibre of Y now is A ∪ E ′ ∪ B ∪ T , where E ′ is the blowing-up of E at q, F 2 E ′ = −1, T intersects E ′ along a curve which is a line on T and a −1-curve on E ′ and it has not intersections with A and B. The proper transformγ of γ now will intersect T at a general point q 0 . Let us consider a general effective divisor C ⊂ Y| U linearly equivalent to nH − 3T and with cuspidal singularities alongγ. Notice that such a divisor C exists and its general fibre is an irreducible curve with only a cusp as singularity at q t . Now, if (d, n) = (2, 2), then (nH − 3T )| E ′ is not effective. This implies that E ′ is contained in the base locus of |nH − 3T | and, if C A ∪ C B ⊂ A ∪ B is the special fibre of the image of C to S, then R = C A ∩ C B . Finally, the point [C A ∪ C B ] belongs to F (2, 2) but it is not general in any irreducible component of V 0 . Assume that d, n ≥ 2 and (d, n) = (2, 2). Then (nH − 3T )| E ′ is an effective divisor containing F with multiplicity at least three. Moreover, C| T will be a cubic with at a least cusp at q 0 .
Step 2. Let Y ′ be the blowing-up of Y alongγ and denote by Γ the new exceptional divisor. The special fibre of ′′ of C ′ will be linearly equivalent to nH − 3T ′′ − 2Γ − 3Ψ. Now observe that C ′′ F = −3T ′′ F = −3, and hence F ⊂ C. We set α = mult F (C) = mult F (C ′′ ).
Step 3. Let Y 1 be the blowing-up of Y ′′ along F . We denote by Θ 1 the new exceptional divisor. Now, the special fibre of Y 1 is given by 
we find that F 2 Θ1 = −2 and hence Θ 1 ≃ F 2 . Moreover, if C 1 is the proper transform of C ′′ , then, denoting by F Θ1 the linear equivalence class of the fibre of Θ 1 , we find that
Now C 1 | Θ1 must be effective, so α ≥ 1. Moreover, since C ⊂ Y is general among divisors linearly equivalent to nH − 3T and with cuspidal singularities alongγ, we may assume that α is the minimum integer in order that C 1 | Θ1 is effective, i.e. α = mult F (C) = 1 and
Moreover, C 1 must be smooth along F .
Step 4. Let Y 2 be the blowing-up along F of Y 1 . We denote by Θ 2 the new exceptional divisor. Now the special fibre
where A 2 , T 2 and B 2 are the blowing-up of A 1 , T 1 and B 1 at F ∩A 1 , F ∩T 1 and F ∩B 1 respectively. Now, by the triple point formula,
where F Θ2 is the linear equivalence class of the fibre of Θ 2 . So, C 2 | Θ2 = F .
Step 5. Finally, let Y 3 be the blowing-up of Y 2 along F and let Θ 3 ≃ F 0 be the new exceptional divisor. The special fibre of Y 3 now is
where A 3 , T 3 and B 3 are the proper transforms of A 2 , T 2 and B 2 . Moreover, if you denote by C 3 the proper transform of 
In particular, the family D corresponds, into the relative Hilbert Scheme H n , to an analytic local bisection of V S nH,1,0 intersecting the special fibre V 0 at the point x and the general fibre V t at two general points.
Step 6. Now we want to prove that the point x is general in F (d, n). To this aim, recall that F (d, n) ⊂ |O A∪B (n)| parametrizes curves cut out on A ∪ B by surfaces S n ⊂ P 3 intersecting R with multiplicity three at a general point. These surfaces are parametrized by a codimension two subvariety F (n) ⊂ |O P 3 (n)|. Now, going back to the family of surfaces X of Step 1, let p be the point of R corresponding to the fibre F of E. As we already observed in Lemma 2.3, F can be identified with a double cover of the projectivization of the fibre over p of the normal bundle to R in P 3 . Equivalently, F is a double cover of the parameter space of planes of P 3 containing the tangent line T p R to R at p. Let H q be the plane corresponding to q = γ ∩ F . Since the singular locus of the image of C ⊂ Y| U into X | U intersects F at q, then the special fibre C 0 = C ∩ Y 0 of C is cut out on Y 0 by a surface S n intersecting R at p with multiplicity three and tangent to H p at p. In other words, if we denote by F (d, n) p,Hq the codimension 4 subvariety of F (d, n), parametrizing curves cut out by surfaces of P 3 of degree n intersecting with multiplicity three R at the point p and tangent to the plane H q , then x ∈ F (d, n) p,Hq .
Step 7. Now, let us denote by D Γ,Ψ the linear equivalence class of the divisor 3T 2 + 2Γ + 3Ψ + Θ 1 + 2Θ 2 + 3Θ 3 ⊂ Y 3 and by Y 3 t the fibre of Y 3 over t ∈ U ⊂ A 1 . Then, by arguing as in the proof of lemma 2.1, we find that the dimension of the image Im(r 0 ) := W Γ,Ψ of the map
We want to prove that the family V Γ,Ψ ⊂ |O A∪B (nH)| of image divisors of divisors in W Γ,Ψ , with respect to the natural morphism
To this aim, notice that, from what we have proved until now, at the Step 2, the restricted linear system |C| T | is the linear system F γ,ψ of cubics having a flex at the point F ∩ T and a cusp, with cuspidal tangent line R ψ determined by the section ψ of Γ, at the pointγ ∩ T . So, dim(F γ,ψ ) ≥ 1. Actually, it is easy to show that F γ,ψ is a pencil whose all fibres are irreducible and moreover, by using Proposition 2.1 of [2] , one can prove that, if C 1 and C 2 are two cubics of F γ,ψ , then C 1 and C 2 intersect with multiplicity exactly three at the point F ∩ T . In particular, by using notation of Step 5, the proper transformsC 1 andC 2 of C 1 and C 2 to T 3 intersect the exceptional divisor Θ 3 ∩ T 3 at two different points r 1 and r 2 . If S 1 and S 2 are two divisors in the family W Γ,Ψ ⊂ |nH − (3T 3 + 2Γ + 3Ψ + Θ 1 + 2Θ 2 + 3Θ 3 )| such that S i | T3 =C i , then the intersection points S 1 | A3 ∩ Θ 3 and S 2 | A3 ∩ Θ 3 are different and they are determined by r 1 and r 2 . More precisely, S i | A3 ∩ Θ 3 = F ri ∩ A 3 , where F ri is the line of the ruling |F | of Θ 3 , passing through r i , i = 1, 2. We deduce, in particular, that there are not two divisors in W Γ,ψ restricting to the same divisor on A and on B and to two different cubics on
Moreover, let us consider, at the Step 2, a general section
We want to prove that V γ,ψ and V γ,ψ1 are different subvarieties of F (d, n) ∩ V 0 ⊂ |O A∪B (nH)|. To this aim, let Y ′′ be the blowing-up of Y ′ along ψ and ψ 1 , let Ψ and Ψ 1 the new exceptional divisors, let us repeat all blow-ups of Steps 3, 4 and 5 and let us use the same notation. Now, if D and D 1 are two irreducible cubics belonging respectively to the pencils F Γ,Ψ and F Γ,Ψ1 on T , then D and D 1 intersect with multiplicity 4 at γ ∩ T and with multiplicity m, with 3 ≤ m ≤ 5 at the point F ∩ T . Moreover, for any cubic C in the pencil F Γ,Ψ , there exists only one cubic C 1 in the linear system F Γ,Ψ1 , intersecting C with multiplicity at least 4 in F ∩ T . The proper transforms C andC 1 to T 3 of C and C 1 will intersect at a point r of the exceptional divisor Θ 3 ∩T 3 with multiplicity at most 2. Let S and S 1 be any two divisors in Y 3 , belonging respectively to the linear series |nH − (3T 3 + 2Γ + 3Ψ + Θ 1 + 2Θ 2 + 3Θ 3 )| and |nH − (3T 3 + 2Γ + 3Ψ 1 + Θ 1 + 2Θ 2 + 3Θ 3 )|, and such that S| T3 =C and S 1 | T3 =C 1 . We want to prove that the curves S ∩ (A 3 ∪ B 3 ) and S 1 ∩ (A 3 ∪ B 3 ) can not be equal. Assume that mult r (C ∩C 1 ) = 1. Let Y 4 be the blowing-up of Y 3 along the fibre F r of Θ 3 passing through the point r. (Notice that F r = S ∩ Θ 3 = Θ 3 ∩ S 1 ). Let 
where H Θ4 is the linear equivalence class of a line on Θ 4 . The two lines R = S ′ ∩ Θ 4 and R 1 = S ′ 1 ∩ Θ 4 intersect T 4 at two different point by the hypothesis that mult r (C ∩C 1 ) = 1 on T 3 . If R and R 1 intersect A 4 at the same point, and hence S ∩ A 3 and S 1 ∩ A 3 are tangent at F r ∩ A 3 , then R and R 1 must intersect B 4 at two different points. In particular, S ∩ B 3 and S ′ ∩ B 3 intersect transversally at F r ∩ B 3 and so they are different curves. Assume now that mult r (C ∩C 1 ) = 2 on T 3 . Then, when we blow-up along F r , by using the same notation, the lines R = S ′ ∩ Θ 4 and R 1 = S 
It follows that F (d, n) ∩ V 0 contains the codimension 4 subvariety F (d, n) p,Hq of F (d, n). By using now the generality of q = γ ∩ F in F ⊂ Y and the generality of the fibre F on E, we see that F (d, n) is an irreducible component of V 0 . Finally, the fact that there are not local analytic sections of V nH,1,0 passing through the general element of F (d, n) follows from lemma 3.1. 
By the hypothesis that D B does not contain E i , for every i,by arguing as in Case 3 of Lemma 2.6, we have that γ does not intersect X 0 at a point on E i or on the fibre F i of E passing through the point E i ∩ E.
Hence, γ intersects X 0 at a smooth point q ∈ F ⊂ E, where F is any fibre of E different from F i , for every i. As in the Step 1 of the previous Lemma, let Y be the blowing-up of X at q with exceptional divisor T and letγ be the proper transform of γ. Now, the proper transform S ′ of S is linearly equivalent to nH − mT , where m is the multiplicity of S at q. Since S ′ | T is a plane curve of degree m which must have at least a cusp atγ ∩ T , we have that m ≥ 2.
If Assume that m = 2 and d, n ≥ 2. Then, S ′ | T = 2R, where R is a line passing through the pointγ ∩ T . Now, by F S ′ = −2 we have that S ′ | E ′ contains F with multiplicity r ≥ 2. Since S ′ is a Cartier divisor, R is the line generated by F ∩ T andγ ∩ T and F is contained with multiplicity exactly 2 in the divisor
′′ is the blowing-up of Y ′ along F , the proper transform S ′′ of S ′ restricts on the new exceptional divisor Θ 1 ≃ F 2 to an effective divisor linearly equivalent to
where we may assume that α is the minimal integer in order that S ′′ | Θ1 is effective and it intersects with multiplicity two 
Proof. We prove the lemma for 
is the blowing-up of E 1 at γ ∩ E 1 , with exceptional divisor E 0 . By the hypothesis that C ⊂ Y has cuspidal singularities along γ, we have that the proper transform C ′ of C in Y 1 is linearly equivalent to nH − 2Γ and the general fibre C ′ t of C ′ is tangent at E t at a smooth point q
contains F 1 with multiplicity exactly 2, the limit point q 1 0 of q 1 t will be the intersection point of E 0 with F 1 . We denote be φ the section described by points q 1 t . Notice that Γ ∩ C ′ = 2φ and moreover C
Step 2. Let us set α 1 = mult F1 C ′ and let Y 2 be the blowing-up of
where Θ 1 is the new exceptional divisor and A ′ and E ′ 2 are the blowing-up of A and E 2 at A ∩ F 1 and E 2 ∩F 1 respectively. By the triple point formula, the new exceptional divisor Θ 1 is an F 1 with exceptional divisor at q 1 . Finally, by generality, α 1 is the minimum integer such that C ′′ | Θ1 verifies these properties. Now, if F Θ1 is the linearly equivalence class of the fibre of Θ 1 , then
From what we observed before, we may assume α 1 = 2 and hence C ′′ | Θ1 is a conic tangent to F Θ1,q 1 0 at q 1 and verifying one more property. Indeed, since
contains F 2 with multiplicity 2, because, as we observed at the previous Step,
is a Cartier divisor.
Step 3. In order to understand the type of singularity of C ′′ | B at the point F 2 ∩B, let Y 3 be the blowing-up of Y 2 along F 2 . The special fibre of Y 3 is now
where Θ 2 is the new exceptional divisor and B ′ and Θ ′ 1 are the blowing-up of B and Θ 1 at B ∩ F 2 and Θ 1 ∩ F 2 respectively. Again, by the triple point formula, Θ 2 is isomorphic to F 1 with exceptional divisor F 2 = Θ 2 ∩ E ′ 2 . Now, if we set α 2 = mult F2 C ′′ , then α 2 is the minimum integer in order that C ′′′ | Θ2 is effective. By arguing as before, we find that
where F Θ2 is the linearly equivalence class of the fibre of Θ 2 . Thus α 2 = 1 and C ′′′ | Θ2 is equal to F 2 and, again using that
is a Cartier divisor, C ′′′ | B must contain the point F 2 ∩ B with multiplicity 1. In particular, we have that, at the Step 2, the divisor C ′′ | Θ1 is a smooth conic tangent to the fibre Θ 1 ∩ E 2 at the point F 2 ∩ Θ 1 and to the fibre F Θ1,q 1 0 at the point q 1 . So, the divisor C ⊂ Y| U cuts on A a curve C A = C| A with a node at F 1 ∩ A and on B a curve C B = C| B which is smooth and simply tangent to R 2 at the point Step 4. We want to prove that [C] is a general point of
4 be the blowing-up of Y 3 along F 2 and φ ′ , with new exceptional divisors Θ 3 and Φ respectively. The special fibre of Y 4 is
where Θ 
Moreover, you can easily verify that also the restriction map
which we denote by L q1 , whose ramification points are F 1 ∩ A ′ and R q1 , where R q1 is the intersection point of the fibre Θ ′′ 1 ∩ A ′ and the proper transform L q1 on Θ ′′ 1 of the line on Θ 1 generated by the points q 1 and F 2 ∩ Θ 1 .
Step 5 Now, notice that, under the natural map Y 
Now, if p 1 is another general point of the fibre F Θ1,q 1 0 , corresponding to the intersection of Θ 1 with another general section ψ 1 of Γ ′ , and, if blow-up along ψ 1 and we consider the varieties W p1 and V p1 , then W p1 = W q1 and V p1 = V q1 . Indeed, by the previous Step, the linear series L q1 and L p1 are different because they have different ramification points. So, for every point q 1 ∈ F Θ1,q 1 0 , the variety V q1 is contained in a codimension 4 subvariety 
Then C β and C γ intersect with multiplicity exactly 2 at the point F 2 ∩ Θ 1 , by the Bezout theorem. Now, since when we blowup twice F 2 , the last exceptional divisor is isomorphic to F 0 and the pull-back of S and S ′ will restrict to a line in |F 2 | on Θ 3 , it follows that the curves S We have proved that the locus W F1 parametrizing curves on Y 0 , cut out by divisors in the linear system |O Y (n)| with cuspidal singularities along a section of Y, intersecting Y 0 at a smooth point of F 1 , has dimension dim(W F1 ) = dim(|O Yt (n)|)− 3 and it is mapped one to one to the variety
parametrizing divisors in |O A∪B (n)| cut out by surfaces tangent to A and transverse to B at p. By the generality of p on R, we find that Hence, we may assume that, if
be the covering of order m of S totally ramified at the special fibre, which we already introduced in the Lemma 2.6. By using the same notation as in Lemma 2.6, let X 0 = A ∪ · · · ∪ E i ∪ · · · ∪ B be the special fibre of X and let D ⊂ X be a divisor, linearly equivalent to nH, such that D ∩ A = D A , D ∩ B = D B and D ∩ X t is a general 1-cuspidal curve on the fibre in |O Xt (n)|. By the hypothesis that D B does not contain any exceptional divisor E l , by using the argument of Lemma 3.5, we have that the singular locus γ of D intersects X 0 at a point q of E i lying on a fibre F i , whose image point p in S 0 is not E l ∩ R, for every l ≤ d(d − 1). Now let X 1 be the blowing-up of X along γ with exceptional divisor Γ and special fibre X 
where D 2 is the proper transform of D 1 in X 2 , F Θi is the linear equivalence class of the fibre of Θ i and F i is the (−1)-curve on Θ i . Now, if Γ ′ and ψ ′ are the proper transforms of Γ and ψ to X 2 and F Θi,q 1 = Γ ′ ∩ Θ i , then D 2 | Θi must be an effective divisor intersecting F Θi,q 1 with multiplicity 2 at the point ψ ′ ∩ Θ i . So α i = 2 and Case 3. Assume that m ≥ 4 and i ≥ 2. Also in this case, we will prove that at least one of the curves D A and D B is singular at p. We denote by F i−1 the fibre of E i−1 passing through F i ∩ E i−1 and so on, in such a way that F 1 ∪ · · · ∪ F m−1 is a connected chain of fibres, with F α ⊂ E α , contained in D| X0 with multiplicity 2 and whose image in S 0 is the point p ∈ R. Now, the conic D 2 | Θi must intersect with multiplicity 2 the fibre F Θi,q 1 at the point ψ ′ ∩ Θ i , the fibre E i+1 ∩ Θ i at the point F i+1 ∩ Θ i and the fibre E i−1 ∩ Θ i at the point
where Θ ′ Li is the proper transform of Θ Li inX 4 . In particular,
By using that (F E )
We will prove now that D 3 is singular along L i−1 . By using the same argument, you can verify that D 3 is singular also along L i+1 . First we observe that, by the equality • D 6 | Θi−3 is a conic intersecting with multiplicity 2 the fibre Θ
In particular we find that 
is an irreducible component of the special fibre V 0 of V nH,1,0 of geometric multiplicity 3 and it is the only irreducible component of V 0 whose general element corresponds to a curve containing E i , for every i = 1, . . . , d(d − 1).
Proof. Since the proof is the same for every i, we assume i = 1.
Let V be an irreducible component of
First of all, we want to prove that (3) V has geometric multiplicity at least equal to 3. Case 2 Assume that V has multiplicity two. Let X be the normalization of the double covering of S totally ramified at its special fibre X 0 = A ∪ E ∪ B. The proper transform of D on X 0 , which we still denote by D is the connected Cartier divisor which restricts to D A on A, to D B on B and to a union of fibres on E. Now, in X , we can find divisors D ∼ nH, such that D| X0 = D 0 = D, the general fibre D t is a general one-cuspidal curve on X t , and the singular locus of D is a section γ of X intersecting X 0 at a smooth point q 1 lying on E 1 or on the fibre F 1 of E intersecting E 1 .
Case 2.1 Assume that q 1 ∈ E 1 . Let Y be the blowing-up of X along E 1 , with new exceptional divisor Θ 1 ≃ F 0 and special fibre A ∪ E ′ ∪ Θ 1 ∪ B. Now, the pull-back of F 1 to Y, which we still denote by F 1 , is a (−1)-curve intersecting transversally Θ 1 , whereas the pull-back of γ is a curve γ ′ intersecting Θ 1 at a general point. Moreover, We want to prove that the case (1) cannot occur. To this aim let m be the geometric multiplicity of V and let Y be the finite covering of degree m of S which we already introduced in Lemma 2.6. Let Y 0 = A ∪ E 1 ∪ · · · ∪ E m−1 ∪ B be its special fibre. We denote by F 1 ∪ · · · ∪ F m the connected chain of fibres such that F i ⊂ E i and F m−1 ∩B = E 1 ∩R. Let D ∼ nH be a general divisor in Y cutting out D A on A and D B on B with cuspidal singularity along a section γ of Y. We already know that γ must intersect Y 0 at a smooth point q lying on E 1 or on F i , for some i. If q ∈ E 1 then, arguing as in Case 2.1, we see that D B contains E 1 with multiplicity 2. If q ∈ F i , then D| Y0 contains every F i with multiplicity r ≥ 2 and so D A ∩R = D B ∩R contains E 1 ∩ R with multiplicity r ≥ 2. This prove that case (1) cannot occur and
Now, we will show that, actually,
is an irreducible component of V 0 of multiplicity 3.
Assume m = 3 and let Y, D and F i ⊂ E i be as before. We denote by γ a section of Y intersecting Y 0 = A ∪ E 1 ∪ E 2 ∪ B at a smooth point q ∈ F 2 .
Step 1. Let S ⊂ Y be a general divisor in |O Y (nH)| with cuspidal singularities along γ and such that S contains the fibres F 1 and F 2 with multiplicity exactly 2. Let 
